DEFORMATIONS OF CANONICAL SINGULARITIES 



Yujiro Kawamata 

Abstract. We prove that small deformations of canonical singularities are canoni- 
cal. 
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M. Reid defined the concept of canonical singularities as those which appear on 



£> . canonical models of algebraic varieties whose canonical rings are finitely generated. 

From the view point of the classification theory of algebraic varieties, it is expected 

q \ that small deformations of a variety which has only canonical singularities have 

only canonical singularities. The main result of this paper states that this is the 

p ■ case: 



Main Theorem. Let tt : X — * S be a flat morphism from a germ of a variety 
(X, xo) to a germ of a smooth curve (S,so) whose special fiber X = 7r _1 (so) has 
only canonical singularities. Then X has only canonical singularities. In particular, 
bJO' the fibers X s = 7r _1 (s) have only canonical singularities. 

A normal variety X is said to have only canonical singularities if the canonical 
divisor Kx is a Q-Cartier divisor and if the discrepancy divisor Ky — \i*Kx is 
effective for a resolution of singularities \i : Y — > X (cf. [KMM]). For example, 
S^ 2-dimensional canonical singularities are nothing but Du Val (or rational double) 

singularities. It is well known that deformations of Du Val singularities are Du Val 
singularities. Our theorem was not known even for the 3-dimensional case. Similar 
problem for terminal singularities is still open. A result is already obtained for log 
terminal singularities ([I]). 

The proof of the main theorem follows closely the argument of Siu [Si] who 
proved the following: if n : X — > S is a smooth projective family of varieties over 
a base space such that all the fibers X s are of general type, then the plurigenus 
P m (X s ) of the fibers is constant for each positive integer m. The difference is that 
our method is algebraic instead of analytic. We can also adapt the analytic proof 
of Siu's theorem to the algebraic one by using our method (Theorem 6). 

The concept of multiplier ideal sheaf introduced by Nadel in the analytic setting 
plays an important role in the proof. The point is that the multiplier ideal sheaf has 
a canonical embedding to the structure sheaf, and one can consider it independently 
from the original linear system. In order to deal with an infinite sequence of linear 
systems, we consider an increasing sequence of multiplier ideal sheaves instead of 
considering the infinite sum of metrics as in [Si] . 
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2. Proof of the Main Theorem 

Let /i : Y — ► X be a projective birational morphism from a smooth variety such 
that Yq = ^*Xq = Xq + E is a normal crossing divisor, where Xq is the strict 
transform of Xq. We denote n' = tv o \i. We set fx*K x /s — Ky/s + F. We have to 
prove that — F is effective. 

It is easy to see that X is normal. The canonical divisor Kx is known to be Q- 
Cartier ([St, §6]). Thus what we have to prove is that any section of Ox(jnK x /s) 
for any positive integer m can be lifted to a section of Y {mK Y /s). Since the 
sections of Ox (ttiKx ) can be lifted to that of Ox' (mK X ' ) by the assumption, 
the problem is reduced to extend sections of Ox' {mK X ' ) to those of Y {mK Y /s). 

For positive integers m, we construct a series of projective birational morphisms 
fm '■ Ym — ¥ Y from smooth varieties which satisfy the following conditions (1) 
through (11). We denote f' m — n o f m and Tv m = tv o f' m . A divisor A m on Y m is 
defined by K Ym /s + A m = f^Ky/s- We note that — A m is effective. 

(1) There is a decomposition 

r m (mK Y/s )=P m + M m 

in the group of divisors Div(Y TO ). 

(2) P m is /^-free, i.e., the natural homomorphism f£f m *0 Ym (P m ) ->• Ym {P m ) 
is surjective. 

(3) M m is an effective divisor whose support is contained in a normal crossing 
divisor F m . 

(4) M m is the /^-fixed part of mK Y /s, that is, the natural homomorphism 
fL* c 'Y m (P m ) -> n*0 Y (mK Y/s ) is bijective. 

(5) The supports of the divisors / m ^o, / m r and A m are contained in F m . 

For any very jU-ample divisor A on Y, there exist a positive integer mo and an 
effective divisor B whose support does not contain X' such that moK Y / s ~ A + B, 
because X is a germ. By definition, we have f mo B > M mo . 

(6) The support of the divisor f^B is contained in F m . 

We also assume that there is a projective birational morphism g km '■ Y m — »■ Yjt 
such that fm = fk° 9km for each pair of integers /c, m with k < m. 

(7) The supports of g km Mk and gl m Fk are contained in F m . 

We have g* km M k /k > M m /m if fc|m. Let Y m , = f m Y = X' mfi + E m , where 
X' m is the strict transfrom of X . Let Y m o = fm-^-o- Let /ig : Xq — * -^0) 

/m,0 : ^ m ,0 — * -^0) /m,0 : ^m,0 ~ ^ A 0! /m,0 : *m,0 ~~ * -^0 /m,0 : *m,0 ~ ^ ^0, and 

<7/em,o : X' m o ~~ *■ X' k be the induced morphisms: 

y9km -it- Ik -it- A* -\r ^ Q 
m ► J-k ► * — ► A — ► D 

y) 9km,0 v ; fk,0 y / MO y 

A m,0 *■ A fc,0 *■ A > A 

We define r and A mj0 by K x < +T = /j,qK Xo and K x < m0 + A mi0 = f my0 K X ' . 
Since Xq has only canonical singularities, we have Tq < 0. We also have A m o < 0. 
By the adjunction formula, we have To = (T + E)\x' and A mj o = (A m + E m — 
/ m ^)U^ - Let B = (B- m E)\ X ' and S m , = f m (B - m E)\ X ' m0 . Let F m , = 
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(8) There is another decomposition 

fmfl( mK x> ) =Qm + N m 

inDiv(A^ ). 

(9) Q m is /^o-free, i.e., the natural homomorphism f'Z fi f' mfi *O X ' m0 {Qm) -» 
O X ' m0 (Q m ) is surjective. 

(10) N m is an effective divisor whose support is contained in the normal crossing 
divisor F m0 . 

(11) N m is the f' m -fixed part of mK X ' , that is, the natural homomorphism 
fL,o*°x' m0 (Qm) -> liQ*0 X ' Q {rnK x , Q ) is bijective. 

There is an injective homomorphism //*0y (mK Y / s) - *■ OximKx/s), because 
O x {mK x /s) is a reflexive sheaf. Since Xq has ony canonical singularities, we have 
a natural homomorphism O x (mK x /s) — > [iq*0 X ' (mK x >) for m > 0. Therefore, 
there is a natural homomorphism 

H*0 Y (mK Y /s) -»• ^o*O x > o {mK x > o ). 

Thus we have -Pmlx^ < Qm- We set M mi0 = (M m -mf^E)]^ q . Since (K Y /s- 
E)\ X ' = K x ^ we have M mfi /m > N m /m. We have B mfi /m > M mfi /m if m |m. 

Definition 1. Let / : Y — *■ X be a projective birational morphism of smooth 
varieties, and let tx : X — *■ £ be another projective morphism to a base space 
iS, which is assumed to be a quasi-projective variety or its germ at a point. Let 
f = no f. Let A be a divisor on Y defined by K Y + A = f*K x . Let Dbea divisor 
on X. Assume that f*D = P + N, where P is a /'-nef and /'-big M-divisor, and iV 
is an effective M-divisor whose support is a normal crossing divisor. The multiplier 
ideal sheaf Xn on X is defined by the following formula: Xn = f*0 Y ( r —N — A" 1 ). 
Since the effective part of the divisor r — N — A" 1 is exceptional for /, In is an ideal 
sheaf of O x which is determined by X and N . Alternatively, we have 

f*0 Y (rp-> + K Y ) =X N (D + K x ). 

If g : Y' — ► Y is a projective birational morphism from another smooth variety 
such that the support of N' = g*N is a normal crossing divisor, then we have 
I N , = 1 N: because r g*P n + K Y , > g*( r P n + K Y ). 

Since R p fiO Y ( r P n + K Y ) = and R p f*(D Y ( r P n + K Y ) = for p > 0, we have 
RPn*(l N (D + K x )) = for p > 0. 

Theorem 2. Let tv : X — > 5 6e a projective morphism from a smooth variety to a 
base space. Then there exists a ix-ample divisor A which depends only on tv such 
that the natural homomorphism 7r*7r*(Xjv(A + D + K x )) — ► T^{A + D + K x ) is 
surjective for any f : Y — > X , D and N as in Definition 1. 

Proof. Let x be any point of X, and m x the corresponding sheaf of ideals of O x . 
Let g : X' — ► X be the blowing up at the ideal sheaf m x . Let E be the coresponding 
Cartier divisor on X'; we have m x O X / = O x >{—E). We note that —E is (7-ample. 
Let g' = tv o g. 

We take a 7r-ample divisor A on X such that the natural homomorphism 
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is surjective. Moreover, we assume that there is a surjective homomorphism O® — ► 
g'*Ox'{~E + g*A). Let JF be the kernel of the induced homomorphism O x , — > 
Ox'( — -E'+fl'*^.), which is a locally free sheaf on X'. Let V = P(JF) be the associated 
projective space bundle with the projection a : V — »■ X' and the tautological sheaf 

CV(#). 

We may assume that there exists a projective birational morphism h : Y — ► X' 
such that f = goh. We set If = P(/i*.F). Let ft : W -»■ V and r : W -»■ F be 
natural morphisms: 

If — ^— > V 



y — -2— ► x' — £— ► x — — ■+ 5. 

Let J7" be an ideal shaef of Ox> defined by J = h^Oy( r — N — A" 1 ). Then we have 
KO Y { r P^ + K Y ) = J(g*(D + K x )) and g*J = 1 N . We take a positive integer b 
such that the divisor H — ba* E — K v /x> on V is (g o a) -ample. We also assume 
now that the divisor —(b + 1)E + g*A is (/-ample. Then we have for p > 

R p f*(h*F(-bh*E + r P^ + K Y )) 

= R p (f o T )*O w (h*(H - ba*E - K v/X >) + r r*P n + K w ) = 
R p K(h*F(-bh*E + r P n + K Y )) = 

hence 

R 1 g*(J®J 7 (-bE)) = 0. 

Similarly, we have 

R l g'AJ(-(b +l)E + g*(A + D + K x ))) = R^^J^-ib + 1)E)) = 0. 

Therefore, from an exact sequence 

-► J <g> F(-bE) -► J®\-bE) -► J(-(b + 1)E + g*A) -► 0, 

we obtain an exact sequence 

-► g*(J <g> F(-bE)) -► g*(J® e (-bE)) -► g*{J{-{b + 1)E + g*A)) -► 0. 

Thus 

0*G7(-(*> + 1)^)) = g*{J{-bE)) -m x cI N - m x . 
On the other hand, we have surjective homomorphisms 

gi(J(g*(A + D + K x ))) - g'*{J{g*{A + D + K x )) ® {b+1)E ) 
g*(J(g*(A + D + K x ))) - g*(J(g*(A + D + K x )) ® {h+1)E ) 

whose images are naturally identified. Hence we obtain natural surjective homo- 
morphisms 

tt*(1 n (A + D + K x )) 
-> g*(J(g*(A + D + K x )))/g*(J(-(b + l)E + g*(A + D + K x ))) 

^I N {A + D + K X )® O x /m x . 

D 
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Remark 3. The above proof can be easily extended to the case in which X is 
singular. As long as X is smooth, one can use the Koszul resolution of Ox'(-E) 
instead of the sheaf JF of the above proof in order to obtain a more precise condition 
on the divisor A. 

Since K Y /s\x' = K x > + E\x' Q , we have 

fm*0 Ym ( r kP rn /m~ 1 + K Ym /s) = ZkM m / m ((k + l)K Y /s) 
fm,o*O xLo ^kP m /m\ xU ^ + K XLo ) = l kMm , /m((k + \)K X . ) 
f™,o*O x , mo ( r kQ m /m^ + K XLo ) = l kNm/m ({k + l)K K ). 

We note that the support of O y /X kMm / m does not contain X' Q . 

Since #^ m , iV m /m > N m >/m' if m\m', we have T kNm/m C T kNm , /m , for any 
positive integer k. We define 

oo 
IkN = {J 1 k N m /m- 

771=1 

Since O x > is noetherian, there exists a positive integer m, which depends on k, 
such that X kN = T kNm /m- Similarly, we define X kM = U™=i ' I kM mfi /m and X k M = 

Um=l^M m /m- 

Lemma 4. 

Im(^0 Y ((k + l)K Y/s ) - Vo*O x , o {{k + 1)K X ,)) 
= /J *(T kM ((k + l)K x : } )) 
= Vo*(l(k+i)M((k + l)K x > o )). 

Proof. Since T^ k+ i^ M C I k M, we have 

/J>o*(Z(k+i)M((k + l)K x > o )) C /j *(Z k M((k + l)K x > o )). 

If s E fJ>o*Ox'((k + l)K X i) is the image of s G fi*(D Y ((k + 1)K Y / S ), then 
div(/£ +1 s) > M k+1 on Y k+1 . Since K Y/s \ x > o = K x ^ + E\ x > o and M k+lfi = (M k+1 - 
(k + l)f^ +1 E)\ x > k+io , we have div(/* +10 s) > M k+lfi , hence s e fj, J Mk+1>0 ((k + 
l)K Xo ). Since lM k+1>0 C I( k +i)M, we have 

Im(^C r ((/c + l)K Y/s ) -► /u *e>^((/c + 1)^)) c ^o*(X( fc +i)M((A; + 1)^))- 

We shall prove that 

MW^ + 1)^)) C luv{^0 Y {{k + l)K Y/s ) -► Vo*O x >({k + 1)K X ,)). 

We take a positive integer m such that 2/-m = T kMm / m and X fc ^ = I k M m /m- Since 
R 1 fm*0 Ym ( r kP m /m~ 1 + K Ym /s) = 0, we obtain an exact sequence 

- /7n*Oy m ( r /c J P7n/m^ + K Ym/s - Y^ ) - fm,0 Ym (^kP m /m^ + K Ym/s ) 
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On the other hand, since OY m (K Ym /s) <H> Oy = wy (f^E), there is a natural 
injective homomorphism 

/m,o*Ox; ( r tfm/m|i;; + ^,) 
- fmMOY m ( r kP m /m^ + K Ym/s ) ® O r4 „)(-£)• 

Therefore, there is an injective homomorphism 

J fcM ((A; + 1)^) - ^m((& + l)^y/s) ® <^(-£). 

Since i? 1 / u*(X fcJ ^-((/c + l)-ftV/s)) = 0, the homomorphism 

//*(X fc M((fc + 1)^/5)) -► V*(l k M((k + l)K Y/s ) ® CV ) 

is surjective. On the other hand, since the natural homomorphism n*TM k+1 {{k + 
l)K Y /s) ->• A**CV((fc+l)-ftV/s) is bijective, so is /^J fcJ tf((/H-l).KV/,s) ->• jU*Oy ((fe+ 
l)iTy-/5). Since we have an injective homomorphism Ox' ( — -E 1 ) ~~ >■ @y , the lemma 
is proved. □ 

Lemma 5. Assume that there exists a divisor C on X' Q such thatXkN(-C) C T^m 
for all positive integers k. Then the natural homomorphism fJ>o*(ZkM(kK X ')) — > 
1^0*0 x' (kKx' ) «5 bijective for any positive integer k. 

Proof. If the lemma does not hold, then there exists a positive integer k such that 
some of the coefficients of 

9km,o N k ~ kM my0 /m - A mj0 + F mfi 

at the irreducible components of -F m0 are not positive for any positive integer m 
with m > k. Indeed, if r — kM rnj0 /m~ 1 — A mj0 > — g% m qN^, then the homomorphism 
/Jo*(1kM(kK x ^) -> ^^O X ' {kK X ' ) is surjective. 

Since Xk'N(-C) C Ik'M for any k', there exist positive integers to', depending 
on /c', such that 

9k'm',0 N k> + fm',o C ~ k'M m , fi /m' - A m , ;0 + F m / ;0 

has strictly positive coefficients at the irreducible components of F m ifi, because 
Ox' , (—Nk>) C Ik'N^x' , • Since gl k , Q Nk/k > N& /k' if k\k', the coefficients of 

9km',o N k ~ kM m r fi /m' - A m / ;0 + F m / ;0 
k k' — k k! — k 

+ -Jp(fm',0 C + —j— A m',0 —Fm'fi) 

are positive. 

We may assume that the support of f£ C is contained in Fk$. Then 

-f*n- k '- k A un + k '~ k Fun 
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is effective for sufficiently large k'. Since gkm',o*(~^k,o + ^fc,o) < — ^m',o + Fm',o 
for fc < m', it follows that 

-/m',oC 7 — A m / ;0 H -F m ',0 

is also effective for such k' and for any m' > k. But this is a contradiction. □ 

Proof of Main Theorem. We have to prove that the natural homomorphism 

^0 Y (mK Y /s) -»• l^0*O X ' {mK X ' ) 

is surjective for any positive integer m. Suppose the contrary. Then there exists a 
positive integer k such that no*{Z k M{kK X ')) ^ l^o*Ox' {kK X ') by Lemma 4. 
We consider the conditions 



l{k-l)N{ — Bq) C 2(k+m -l) 



M 



for positive integers k. For fc = 1, the condition is satisfied, because Ox' (— Bo) C 
1m M- By Lemma 5, there exists a positive integer /c such that T(k-i)N(~Bo) C 

2~(fc+m -l)M but X kN ( — B ) <f_ X(jt+m )M- 

We take A such that A — Hfx' f° r A) = -^Ix' satisfies Theorem 2 for /i : Xq — > 
X . Since A + B ~ m K x ^ we have X kN {-B Q + (k + mo)K x > Q ) ^ Xfc7v(A - 
i^x' + (k + l)Kx')- Thus the homomorphism 

HQlJLo*{Z kN {-Bo + (k + m )K x ; ) )) -> X kN {-BQ + (k + mo)K x > ) 

is surjective by Theorem 2. 
By Lemma 4, we have 

/Jo*(I k N(-B + (k + mo)K X ' )) 
C Mo*(2(fc-i)iv(--Bo + (/c + m )^)) 

C /U *(X(A:+mo-l)M((^ + Wo)^)) 

= Ho*(l(k+m )M((k + mo)K x > ))- 



But 



l kN (-B + (k + m )K X ' ) <t Z(k+m )M((k + m )K x ^, 

a contradiction. □ 

The following is a slight generalization of a theorem of Siu [Si] : 

Theorem 6. Let tv : X — > 5 6e a projective flat morphism from a normal variety 
to a germ of a smooth curve (S, so). Assume that the fibers X s = tv~ 1 (s) have only 
canonical singularities and are of general type for all s G S. Then the plurigenus 
P m (X s ) = dim H°(X s ,mKx a ) is constant as a function on s G S for any positive 
integer m. 

Proof. The proof is very similar to that of Main Theorem. We only point out how 
to modify the proof. First, the morphisms f m : Y m — ► Y are constructed only 
for those m such that P m (X So ) ^ 0. Moreover, the conditions (1) through (7) 
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(9) , P m and Q m are 7r m -free and free instead of f^-hee and f' m -free, respectively. 
In the conditions (4) and (11), M m and N m are the 7r m -fixed part and the fixed 
part instead of the /^-fixed part and the f' m -fixed part, respectively. The divisor 
A is very yr'-ample instead of very jU-ample. The reason for Supp B ~fi X' Q is the 
following: since — Y is effective, it follows otherwise that B > Yq, and we can replace 
B by a smaller divisor. The homomorphism in the formula before Definition 1 is 
replaced by the homomorphism n'^Oyi'mKy/s) ~~ >■ H (X' Q ,mK X ')- 

In the definitions of X^at, I/-M and X fc ^, the union is taken over those m which 
we considered. In Lemmas 4 and 5, their proofs and in the proof of Main Theorem, 
/Li* and /Uo* are replaced by 71^ and H°. In the proof of Lemma 5, we take k such that 
Pk(X So ) y^ 0, and we assume that k\k'. In the proof of Main Theorem, the morphism 
Ho is replaced by the structure morphism X' Q — > Spec C. The homomorphism in the 
formula in the middle of the proof of Main Theorem is replaced by the statement 
that the sheaf Xfcjv(— Bo + (k + mo)Kx') is generated by global sections. □ 
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